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Abstract

Numerical methods are developed for linear parabolic equations in one spa-
tial dimension having piecewise constant diffusion coefficients along with a one
parameter family of interface conditions at the discontinuity. We construct
an Euler-Maruyama numerical method for the stochastic differential equation
(SDE) corresponding to the alternative divergence formulation of these equa-
tions. Our main result is the construction of an Euler scheme that can accom-
modate specification of any one of a family of interface conditions considered.
We then prove convergence estimates for the Euler scheme. To illustrate our
method and its theoretical analysis we implement it for the stochastic formula-
tion of the parabolic system.
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1. Introduction

The computational simulation of solutions to linear parabolic partial differ-
ential equations (PDEs) requires the use of highly efficient numerical methods
which are consistent, stable, and potentially have high orders of accuracy.

Diffusion equations provide one of the standard approaches to modeling pop-
ulation dynamics with dispersal in spatially patchy environments [1, 2]. In dif-
fusion models, the transmission properties at interfaces may be coupled to phys-
ically discrete, discontinuous properties of the environment such as river net-
works [3] or landscape topography and meteorological conditions [4, 5, 6, 7, §].
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There are a number of empirical studies that indicate that the dispersal be-
havior of individuals, such as species of insects including aphids, beetles and
caterpillar, foraging honey bees as well as several species of butterflies, is influ-
enced by boundaries (interfaces) between different types of habitats (patches)
[9, 10, 11, 12]. The survey paper ([13]) also highlights examples of dispersion
in the presence of a discontinuous interface, with applications in such disparate
areas as hydrology, ecology, finance, astrophysics and physical oceanography.

In recent work on interfacial effects [14, 15, 16], the authors analyze the un-
derlying stochastic process determined by the diffusion equation in divergence
form and having a specific interfacial condition in the presence of discontinuities
in diffusion coefficients across interfaces. The theory of Brownian motion applies
to diffusion models in homogeneous media with constant coefficients [17]. How-
ever, the discontinuity in the diffusion tensor at the interface between two media
‘skews’ the basic particle motion. Incorporating bias in behavior /movement at
an interface or patch boundary into diffusion models naturally leads to Skew
Brownian Motion (SBM) [18, 19, 20, 21] at the mathematical foundations, from
which the underlying stochastic particle motions across the discontinuity, called
a-skew diffusion, can be constructed [14]. SBM assumes that particles (indi-
viduals) move according to ordinary diffusion until they encounter an interface,
but at an interface the probability that a particle (individual) will move into
the region on one side of the interface is different than the chance that it will
move into the region on the opposite side.

In [15, 16, 21] a conservative interface condition requiring continuity of flux
is analyzed. In [14, 22], a one parameter family of interface conditions is consid-
ered, and the effects of this family of interfacial discontinuities in the diffusion
coefficient on natural modifications of certain basic functionals of the diffusion,
such as local time and occupation times, is analyzed. These results extend previ-
ous work in [15, 16] for conservative interface conditions and their effect on first
passage times. The main goal in [14, 22] was to obtain a characterization of pa-
rameters and behavior at the macroscopic scale in terms of underlying stochastic
particle motions. To achieve this goal, an equivalent formulation of the diffu-
sion problem in terms of solutions to stochastic differential equations (SDEs)
was considered. The effect of the interface was incorporated in an added drift
rate involving the local time [15, 22] of the process (the stochastic counterpart of
the interface condition). In particular it was shown that, at the volumetric scale
of particle concentrations, the continuity of flux at an interface can be viewed as
continuity of natural local time on the stochastic particle scale. As discussed at
length in [22], unlike the case of homogeneous diffusion, i.e., standard Brownian
motion, physical modeling in this context requires a specific choice of local time
from among the possible variants in the literature, namely: semimartingale lo-
cal time, diffusion local time, and/or natural local time. While the relationship
between these various notions of local time can readily be derived, the selection
of natural local time is based on the physically desirable condition of continuity
of flux.

The numerical simulation of SDEs is a very active research area that has been
witness to substantial progress [23, 24]. In particular, the numerical simulation



of SDEs corresponding to divergence form operators involving a discontinuous
coefficient has been the subject of various articles in the recent past. In the one
dimensional (spatial) context, schemes based on random walks [25, 26, 27, 28],
Euler methods and stochastic Taylor expansions [29, 30], and exact simula-
tion methods [31, 32, 33, 34] have been developed for the approximation of the
solution of SDEs corresponding to conservative interface conditions (and conse-
quently self-adjoint interface conditions). In [35], the authors apply benchmark
tests to four schemes with constant time steps and demonstrate the accurate or
odd behavior of each scheme when computing the steady state and the transient
regime.

In a closely related area, that of numerical methods for SDEs with irregular
coefficients, there has also been a lot of progress. In [36], the authors analyze
an Euler method in the case of non-regular drift. In [37], an Euler scheme is
designed that converges weakly to the solution if the diffusion coefficient is dis-
continuous. However, to prove convergence and obtain the rate of convergence,
Holder continuity is required. Strong approximation of an Euler-Maruyama
scheme is considered in [38], but a low convergence rate of O(1/logn) is ob-
tained. In [39], an Euler algorithm for SDEs with discontinuous diffusion coef-
ficients depending only on time is designed and convergence is proved. Thus,
while a variety of approximations to SDEs with discontinuous diffusion coeffi-
cients exist, the types of convergence, and convergence rates continue to require
refinements of existing computational techniques.

In this paper, we consider the numerical discretization of diffusion equations
with discontinuous diffusion coefficients associated to a one parameter family
of interface conditions. The key idea that we employ is a change of variables
that transforms the given diffusion problem with the one parameter family of
interface conditions into one that involves a natural continuity of flux interface
condition. This change of variables is a form of symmetrization that renders the
problem into a self-adjoint formulation. The symmetrization will help us to deal
with more general specifications of interface conditions (than the conservative
case), and can be used in either a deterministic or stochastic numerical frame-
work. In this paper, we pursue the stochastic numerical approach. As done in
[14], we consider in this paper an equivalent formulation of the discontinuous
diffusion problem in terms of solutions to specific SDEs. The main contribution
of this paper is the construction and analysis of an Euler-Maruyama numeri-
cal method to discretize these SDEs [40], following the approach developed by
Martinez and Talay in [30]. Whereas these authors considered parabolic equa-
tions with discontinuous coeflicients, requiring solutions with discontinuous first
derivatives, the interface conditions adopted in their work makes the product
of the diffusion coefficient and the first derivative of the solution a continuous
function throughout the domain under consideration. In this paper, motivated
by different applications, we are naturally lead to consider more general prob-
lems in which the product of the derivative of the solution and the diffusion
coefficient remains discontinuous. This generality requires a more careful study
of the error estimates in the Euler-Maruyama method at the interface than the
one required in [30].



The paper is organized as follows. We first introduce a natural one parameter
family of possible interface conditions coupled to a diffusion problem, with dis-
continuous diffusion coefficient, in one spatial dimension (Section 2). Motivating
areas of application from the engineering, ecological and biological sciences are
briefly noted. We then present a reformulation (symmetrization) of this problem
which naturally can allow the application of deterministic numerical methods.
Next, we introduce the corresponding stochastic differential equation formula-
tion in Section 2.1. In Section 3 we develop an Euler-Maruyama scheme for
numerically discretizing the SDE formulation that is applicable to any one of
the interface conditions under consideration. In Section 4 we prove convergence
of the Euler-Maruyama scheme under mild assumptions following the general
approach of Martinez and Talay [30], adapted to deal with the more general
interface conditions considered in this paper. Finally, numerical simulations are
provided that illustrate our theoretical results and also provide comparison with
other approaches to solve the discontinuous diffusion problem in Section 5.

2. Diffusion with Discontinuous Coefficients

We consider the time dependent diffusion equation in one dimension with
a piecewise discontinuous diffusion coefficient across an interface at x = 0 on
which a one parameter family of interface conditions is prescribed. We define
the time interval J = [0,7T] and the domain 2 = R. The corresponding initial
value problem on 2 x J is given as

ou 0 (D(x)du(t,x)
u(t,07) = u(t,07),V t € J, (2.1b)
ou, o ou,,
- =(1=)\)=— 2.1
)\ax(t,o ) =( /\)&v(t’o ), Vied, (2.1c)
u(0,z) = up(x),¥ = € Q. (2.1d)
In model (2.1) the diffusion coefficient D is piecewise defined by
Dt if
Day={" "7 0 (2.2)
D if z <0,

for some positive constants DT, D~. We assume initial data u(0,2) = ug(x)
given for all z €  in equation (2.1d). Continuity of the solution u(t,z) at the
interface = 0 given in (2.1b), as well as a condition at x = 0 given in (2.1c)
that depends on a parameter A with 0 < A < 1, and involves the derivative of
the solution, specify the nature of the interface. The choice of the value of A
varies according to the application, and may be a function of D+ and D~.

Remark 1. One may note that the extreme cases in which A = 0,1, respec-
tively, correspond to Neumann boundary conditions at the point of interface. In



particular, therefore the coefficients are purely constant (smooth) on the corre-
sponding half-line and amenable to standard approaches to Neumann boundary
value problems. From this perspective there is no loss to restricting considera-
tions to 0 < A < 1.

From the poiilt of view of applications to environmental sciences, the cases of
— * L

A==
tives), and A\ = 0, arise as solute transport interfaces [14, 41, 22], upwelling of
ocean current modeling [42], and one-sided barrier (reflective) regions, respec-
tively. There are ecological species, example Fender’s blue butterfly, and aphids
for which inter-facial effects are widely reported from experiments, but the pre-
cise interface condition is unknown from a mathematical perspective, e.g., see
[9, 10]. For the latter, the problem of determining A can also be treated as a
statistical problem.

(continuity of flux), A = A\# := 1/2 (continuity of deriva-

Remark 2. In order to formulate the problem for easy application of numerical
methods, especially deterministic schemes, it is convenient to relate the param-
eter A in the interface condition (2.1c) to one which appears in a reformulation
of problem (2.1) written in self-adjoint form. We do this via multiplication of
both sides of the PDE in (2.1a) by a piecewise defined (positive) function

+ . + ;
e(z) = c_. A/D ) zfx>0, (2.3)
¢c:=(1-X)/D~ ifx<0.
The resulting PDE can be written
ou 0 ou
c(m)a =9 (f{(m)am> , VeeQ\{0},t e J\ {0}, (2.4)
where the positive function k is defined as
D(z) [rt:=3 if £ >0,
(@) = C(x)T B {/{‘ = (1;” if x <O0. (2:5)
Thus, the interface condition (2.1c) may be interpreted as
ou| L Ou, . _Ou, .
|:K/ar:| =K aiz(t,o ) K aix(t,o )— 0, (26)

i.e., the jump across the interface of Ii% at x = 0, denoted G,S[H%], 18 zero.
Thus, problem (2.1) can be reformulated to have an interface condition that
resembles a natural flux condition (conservative) which is more easily amenable
to numerical discretization. The reformulated version of problem (2.1) on Q =R



can be stated as

c(m)%(t,x) -2 (f@(x) ‘9“(’;:”)) . VeeQ\{0}, teJ\ {0},  (27a)

B) B)
[u] == u(t, 0+) u(t,07) =0, VtedJ, (2.7b)

{ gx] t 0%) — gZ(t,O‘) =0, Vted (2.7¢)
u(0, ) = uo(z ) V€ Q. (2.7d)

We note that ¢ plays the role of specific heat capacity times mass density of
the material, and x is a thermal conductivity, in the context of heat flow. We
observe that for the special case of A = \* := DV /(D% + D~) we have that
¢(z) = constant.

2.1. Stochastic Representation of the Solution

In this section, it will be shown that stochastic representations of solution
u(t, x) to (2.1) can be obtained by the analysis of stochastic differential equations
with piecewise constant coefficients driven by a Brownian motion and the local
time. We can also use probability techniques to derive pointwise estimates for
partial derivatives of this solution.

Let us first record a definition of skew Brownian motion B(®(t), 0 < a < 1,
originally introduced by Ité6 and McKean. Let |B(t)| denote the reflecting Brow-
nian motion starting at 0 defined on a complete probability space (£, F,P), and
enumerate the excursion intervals away from 0 by Ji, Jo,.... Let Ay, As, ... be
an independent identically distributed sequence of Bernoulli £1 random vari-
ables, independent of B(t), with P(A, = 1) = . Then B(®)(t) is defined by
changing the signs of the excursion over the intervals J,, whenever to 4, = —1,
forn =1,2,.... That is,

0= 3 AL, (B0 t=0. 2:5)

For x € R and ¢t > 0 denote o(x) = VDVl o) () + VD~ 21(_ 0)(x) and
Y@ (t) = 0(B@(1)). (2.9)
For each g € CZ(R\ {0}) and z # 0 we denote the operator

Lol = 21D ), (2.10)



In addition, denote the functional spaces
W2 = {g e C2(R\ {0}) : ¢ € LY(R) N L2(R),i = 1,2;

A (0F) = (1= N)g'(07), ¢"(0%) = g"(07) }, (2.11)

wi={geCli®R\{0}) : g € L'R) N L*(R),i =1

Mg (07) = (1=2)g'(07), ¢"(0%) = g"(07),

)=

MLg)'(0%) = (1 = A)(Lg)'(07), (Lg)"(0F (59)”(0*)} (2.12)

Note that any function in W? or W* can be written as a difference of two
convex functions. Now we are in a position to state the stochastic representation
theorem which can be found in [41] (see also [30]).

Theorem 3 (Corollary 2.2 from [41]). Let 0 < A < 1, ug € W?, and
AVD-

a=ald) = MWD+ (1- ANVDF 213)
Then the function
u(t, ) = E*uo(Y (1)), (t,x)€[0,T] xR (2.14)

is the unique function in C’;’Q([O,T] x (R\ {0})) nC([0,T] x R) which satisfies
the equations (2.1).

It follows from the proof of [41, Theorem 2.1] that if f € C?(R\ {0})NC(R)
satisfying the conditions Af’(0%) = (1 — A)f/(07) and f”(0%) = f”(0~) then,
for o = () as in (2.13), we have

FYO () = F(Y©(0 / £ (Y@(s))/D(Y©)(s))dB(s)
5 / D(Y(s)) f" (Y (s))ds, (2.15)

where f’ (z) denotes one sided left derivative and f”(x) is the usual second
derivative for x # 0. In fact, (2.15) is the first equation on page 389 in [41] with
the term relating to the local time equaling 0. In addition, Y (®)(t) satisfies the
following stochastic differential equation with a local time

AY (1) = /DY@ 1) dB (1) + (W VDR | )

(2.16)
where D(z) is defined as in (2.2), the local time lf<a)’+(0) is defined by

(@ 1t N N
1777(0) =lim = [ 1p,o(B@(s))d(B@),,
0



and (B(®), denotes the quadratic variation of B(®(s).
Next, we have some pointwise estimates for the derivatives of u(t,x). A

similar result for the case of A = Df%D, (continuity of flux) was given in [30].

Theorem 4. Let 0 < A < 1, a = a()) as in (2.13), and Y (¥ (t) the solution of
the SDE (2.16).

Part I: The probability distribution of Y () (t) under P* (i.e. Y(®)(0) =
x) has a density ¢\ (t,z,y) continuous fort > 0, z € R, and y € R\ {0}.
Furthermore, there exists a constant C > 0 such that for all x € R, t > 0, and

y € R\ {0},

C
@(t,2,y) < —, 2.17
g (t,z,y) < N (2.17)
and such that for all z € R, t > 0, and ug € L*(R),
EIUQ(Y(Q)(i’))’ < < lluollr- (2.18)
Vi

Part II: For all j =0,1,2 and i = 1,2,3,4 satisfying 2j + i < 4 there exists
a constant C > 0 such that for all z € R, t > 0, and ug € W4,

&9

i
cy

%%u(t,x)‘ S %HUOH"/,I’ (219)

wherey = 1if2j+i =1 o0r2; v =2 if2j+i = 3 or4, and 1= 8i€ .

Y J Y J 9ll~, i=1 192" ll1

The proof of the theorem will be presented in Section 4 to keep the presen-
tation more transparent.

3. Numerical Methods for Stochastic Diffusion in the Presence of an
Interface

In this section we will consider a numerical solution to system (2.1) using
a Monte-Carlo method. The discontinuities in the coefficient of the equation,
as well as the generality of the interface condition considered in this paper
present challenges in two different aspects of the theory. On the one hand,
the discontinuity in the diffusion coefficient naturally requires to consider SDEs
that include a local time term (see Section 2.1 for details). As noted in [30],
a transformation of the stochastic process can be defined so that this local
time term is eliminated. On the other hand, the generality of the interface
condition here renders inadequate the approach of [30] since they benefited from
the self adjoint property of the problem under their consideration. Instead, in
the problem treated in this paper, a careful quantification of the effect of the
interface condition is needed.

In what follows we will use the approach developed in [30] to eliminate the
local time term in the SDE associated to solutions of (2.1), and introduce an
Euler-Maruyama method to approximate solutions of the resulting SDE. We



will construct an explicit one-to-one transformation which transforms Y (@) to
a solution to a stochastic differential equation without a local time which can
easily be discretized by a standard Euler-Maruyama scheme. Since the trans-
formation is one-to-one and explicit, we can take the inverse transformation of
this numerical solution to obtain a numerical approximation for Y(®). As a
consequence of Theorem 3, we can approximate u(t,x) by E%uo(Y(®)(t)) and
compute the latter using a Monte-Carlo simulation. The main theorems estab-
lishing the rate of convergence of the approximation are stated in this section,
with proofs given in Section 4.

8.1. A Transformation
We denote
B(x) = AL (—oo,0) () + (1 = N) 2L (0,00) (). (3.1)
Then () is a one-to-one mapping with the inverse 571(2) = $1(_oo0j(z) +
755 1(0,00) (). It is easy to see that B’ (z) = A (_oo,0)(®) + (1 — A)1(0,00) (%) and
A3 (0F) = (1 —X\)B_(07). Thus, 3 € C?>(R\ {0}) N C(R).
Denote 0(x) = ' (x)y/D(x). It follows that

0(x) = B (2)y/D(x) = WD~ 1 oo g(@) + (1 = NVDF 1oy (z).  (3:2)

Since 8 € C?(R\ {0}) N C(R) and § o B = 3, by using (2.15) and Itdo-Tanaka
formula we get

BY () = B(Y@(0)) +/0 BL(Y @ (s))/D(Y(@)(s))dB(s)
=3 0) + [ 080 (s)an(s) (3.

0

Denote X (t) = ﬁ(Y(a) (t)), then (3.3) yields that X (t) is a solution to a stochas-
tic differential equation with piecewise constant diffusion coefficient

X(t) = X(0) + /0 0(X (s))dB(s). (3.4)

Note that the existence and uniqueness of (3.4) is proved in Theorem 1.3 (in
which Assumption B holds) and the Remark thereafter in [43]. This equation
will be useful to approximate the stochastic process Y (%) (¢) and therefore u(t, )
by virtue of its stochastic representation (2.14).

8.2. Euler-Maruyama Scheme
Let M be a positive integer and A = At = % the step size. For 0 <k < M,
put tp = kAt. The Euler-Maruyama approximation X2 (t) of X(t) is defined

as follows

X2(t) = X2(ts) +0(X2 () (B®) — B(ty)), tr <t < tgsr, (3.5)
X2(0) = (Y (0)).



Algorithm A step of the Euler-Maruyama scheme

Data: The position X2 (¢;,) at time ¢, of the process.
Result: The position X?(#,41) at time 5 of the process.
if X2(t) <0 then

return X2 (t,) + A\WVD—¢ with £ ~ N(0, At);

else
return X2(t;,) + (1 — M)V D+¢ with € ~ N(0, At);
end

Next, we can approximate Y (%) (¢) by inversely transforming X% (t)
YA(t) =71 (X2(1), 0<t<T. (3.6)
The numerical solution to (2.1) can be now obtained. Define

un (T, x) = E2uo(YA(T)). (3.7

3.8. Convergence Rate

The convergence rate of the above numerical method is given in the following
theorem.

Theorem 5. For all initial condition ug € W*, all parameter 0 < ¢ < 1/2
there exists a constant C depending on € such that for all n large enough, and
all xg € R,

B ug (Y (T))=E™ug(YA(T))| < Cllugli, 1 At 2 +-Clfup |11 VAEHC lug |51 At
(3.8)

Next, we can relax the transmission conditions of ug and Lug in the above
theorem which are required in the definition of Wj.

Theorem 6. Let ug : R — R be in the space
W= {g e CH(R\{0}), g € L'(R) N L2(R) for i=1,... ,4}.

Then for any parameter 0 < € < 1/2 there exists a constant C depending on ug
and € such that for all n large enough, and all xo € R,

‘uA(T7 z0) — u(T, xo)| < CALH/ 2, (3.9)

The proof of these results will be given in the next section.

4. Proofs of Main Results

In this section we collectively present the proofs of Theorem 4, Theorem 5
and Theorem 6. To this end, the explicit formulae available for the transition
probability density of skew Brownian motion and careful analysis of the error
estimates are done. The convergence rate of Euler-Maruyama is proved using

10



the approach by Martinez and Talay in [30]. As mentioned above, the interface
conditions adopted in [30] makes the product of the diffusion coefficient and
the first derivative of the solution a continuous function throughout the domain
under consideration. In the present problem, we consider more general problems
in which the product of the derivate of the solution and the diffusion coefficient
remains discontinuous. This generality requires a more careful study of the error
estimates in the Euler Muruyama method at the interface than the one required
in [30].

4.1. Proof of Theorem 4

The proof will follow from a sequence of steps involving lemmas.

Proof of Part 1.
Let p(®) (¢, z,y) be the density function of the skew Brownian motion B(®), then
according to [19],

—(y—=)? —1) —(@ty?
y 20-1) ==t

1 ( .
Vet ot o fz>09>0,
1 —(y—=) (2a—1) =(=+v) .
ez — - —=le 2z , ifx<0,y<O,
p(o‘) (t, x, y) — \/2271'15 Clyay? V2mt Y (41)
—ec T 2 ifzx<0,y>0,
2(217:ta) —y=—o)® .
\/271: 2t 3 lf x Z O7 Yy < 0.

Thus, it follows from (2.9) that Y (@) (t) under P* has a density denoted by
q® (t,x,y) which satisfies

@ (4 g ) = — (@) z vy _
) = (t’ D) D<y>> (+2)

It is clear that (4.1) and (4.2) imply (2.17) and then (2.18).

Proof of Part II. The proof is broken into a few lemma, estimating respec-
tively time derivatives and space derivatives respectively. We begin by estimat-
ing the first partial derivative with respect to time.

Lemma 7. There exists a positive constant C' such that for all t € (0,T],

ou
E(tv .’E)

sup
z#0

Cy .
< %Huonl,l' (4.3)

Proof. Recall that (2.15) holds true for any ug € CZ(R\ {0}) NC(R) satisfying
Aub(0F) = (1= N)uy(07) and uf(07) = uf(07). Hence, for all z € R and t > 0,

¢

E%uo (Y()(t)) = uo(x) + / E” Lug (Y™ (s))ds, (4.4)
0

where the operator £ is defined as in (2.10). In addition, notice that

+ — - — o
VDT - vDT . P~ yp-2 1>le( " (0).

2¢

dY @ (t) = /(Y@ (1))dB(t) + (
(4.5)

11



Fix x > 0. Denote 7o(Y () = inf{s > 0: Y(®)(s) = 0} and r¥(s) the density
of 7o(Y(®)) AT under P. Notice that 70(Y(®)) = 75 (z + v DT B) where B(-) is
the standard Brownian motion. For any function h such that E*h(Y (%)) < oo
we have

Eh(Y (@) (t))
= B [h(Y O (0) 12| + BB )17y

—E° [h(x n \/D+B(t))1{mzt}} + /t EOR(Y®)(t — s))rg(s)ds
0
=E*h(z+VD+B(t)) - E* {h(x + \/D‘*‘B(t))l{mq}} + /t th(Y(o‘) (t —s))rg(s)ds
0

=Eh(z + VD+B(t)) — /t E°h(VDTB(s))rg(t — s)ds + /t E°h(Y (@) (s))rg (t — s)ds.
0 0
(4.6)

For x < 0 we have a similar identity. To proceed, we assume that x > 0. From
(4.6) we can write

u(t, z) = E%uo(Y (¥ (1) = E%uq (z+ \/ﬁB(t)) +o(t, ), (4.7

where

v(t,x) = — /Ot E% (mB(s))rg(t — s)ds + /t Euo (Y™ (5))rg (t — s)ds

0

- /Ot /0 [E” Zuo (Y(©)(€)) — E°Ltug (VDFB(E)] d€ 7 (¢ — s)ds (4.8)

5 + .
and Ltug = Z-uf. Since

%(t,@ - /0 t [Eo,éuo (Y)(s)) — 1E0£+u0(\/1?3(s))} rE(t—s)ds, (4.9)
according to Part T of Theorem 2.4 and Lemma 10 we obtain,
%(t, z)| < /Ot H]EOZuO(Y(O‘)(s))‘ + ‘EOEWO(WB(S)) H rE(t — s)ds
. 5 b
< (|| Zu), +|1£"woll,) /0 St = 9)ds
< \%(HﬁuoHl b u,)- (4.10)

Next we estimate %Exuo(x—i—\/ D+ B(t)). Tt is obvious that the density ¢* (¢, z, )

of x + VDt B(t) satisfies the inequality ¢* (¢, z,y) < % exp{—%} for all
0 <t < T for some constants C, v. It follows from the equation

D+

%Ezuo(x—&—\/ﬁB(t)) =E*Lt (uo(aH-\/ﬁB(t))) == /ug(y)q+(t,x,y)dy

12



that

) Ol -
__ =z + < _ ||/t . .
sup | 5B ol + VD B(t))‘ < \/%HE u0H1 (4.11)

Combining (4.7), (4.10), and (4.11) we derive (4.3) as desired. O
For the second time derivative we have the following.

Lemma 8. There exists a positive constant C such that for all t € (0,T],

0%u C
il;}é w(t,m) < %Hugugl (4.12)

Proof. For ug € W*, Lug € W?. By virtue of (4.7) and (4.9) we have
0%u 0% .
ﬁ(tvl‘) = @]E uo(z + VD B(t))

t

+ / % [Eoﬁuo (Y(a) (t—s)) — E°L g (VD*+B(t - s))} rg(s)ds
0

- %EIZJruO (z + VDT B(1))
- /O [EOE(EUO)(Y@(S)) —EOLF (LT up) (JFB(S))} rE(t — s)ds.

Therefore, by Lemma 7, we obtain

0%u

. . - C
g 00| < |2 )|+ 2 (1EEuo) 4 17 (o)l ) = s

C C
Sﬁ\ ﬁ(

For spatial derivatives, we first establish the following estimate.

Lemma 9. There exists a positive constant C' such that for all t € (0,T],

sup 1,1 (4.13)

x#0

%2y <
oz’ Vi 0

Proof. Since ZE%ug(z + VDT B(t)) = E*uj(z + VDT B(t)), we have

R I L U N
= H/UE)(y)q+(t7x,y)dyHm
< \(;; H/ug(y)e(iftf dwa < \%H%Hl-
(4.14)



Let
1) = [ [ELuy®(€) ~ BL un(o + WB@))} e,

then since H(0) = 0 and H'(s) < C(||Luolls + [[L T uol|1) = <t we have by (4.8)

and Lemma 11 that
v(t,x) = / H(s)rg(t — s)ds
0

ov o <
o (t@)] < C(IL uolly + [ Zuo]lr)- (4.15)

In view of (4.7), (4.14) and (4.15) we obtain (4.13). O
%%U(t,w)‘ for 2j+i <

and

By the similar way we can prove the estimates for
4. O

4.2. Proof of Theorem 5

Denote s, = T —t for 0 < k < M. Since u(0,z) = ug(z) and u(T,z) =
E*uo (Y ()(T)),

u(0, 87 H(XA(T)) = uo(B~H(X2(T))),
u(T,x0) = u(T, X2(0)) = u(T, 7 (V¥ (0)) = E™uo(Y(T)).

Therefore,

6;0 = |E®ouq (Y(a)(T)) — E*ouq (YA(T))’ =

B0 (8 (X(T))) — E™uo (371 (X2(T)|
= |Eou(T, 71 (X2(0))) —Emou(o,ﬁ‘l()_(A(T)))‘

M-1

- Z {Ewou(T—tk,ﬁ_l(XA(tk))) —EIOu(T—tkﬂ,ﬂ—l(XA(tkH)))}‘

E‘
(e}

IA
??‘
Mw

w(sn 87X (1)) = E™u(sne1, 571 (XA (1)) |

EIOu(sM,l,ﬂ XA (tar-1) — Eu(0, 571 (XA(T)]. (4.16)

To estimate the second term in (4.16), we use the fact that u(0,2) = up(x) and
obtain

E™ou(spr_1, B (X2 (tar-1))) — E™ou(0, 3~ ))‘
< |Emou(spr, B~HEA (tar—1))) — E%ou ( (XA(tM 1)))\
7))

E™ug (871 (X 2 (tar—1))) — E™uo (5~ ’

+

14



Since uj is in L1 (R), uf is bounded and ug o 37! is Lipschitz. By virtue of the
inequality sup,_.q |94 (t,z)| < %

E0u(sar-1, 7 (X (tar-1)) = Eu(0, 57 (XA(1))| < Cllup 1.4 VAR

(4.17)
It remains to estimate the first term in (4.16). To proceed, we denote the
time and space increments as follows

Ti = u(sw, 71 (XA(0)) —u(sesr, 571 (X2 (0)),
Sk = u(ski1, BTHXA (i) — u(skir, X2 (1))

The first term in (4.16) then can be rewritten as | SR (T, — Si)|- The
analysis of this term will be divided into 4 steps.

Step 1: Estimate for the time increment Tj: Since si — skp+1 = At, by the
definition of T} and applying a Taylor expansion we have

[U(Ska BTHXA () — u(skrs 5_1(XA(tk)))} Liga(e)>0}

ou

= Ata(sk—o—la671(XA(tk)))l{XA(tk)>0}

Har /[0 12 gig (sk1 + 12, B7H XD () Tidridral (a1, 50)
=T, +R}.
Similarly,
(s BTN A E) = usrn, B XA 0D) [ 1w 0y <0p
o At??t (Sk+17ﬂ_l(XA(tk)))l{X’A(tkKO}

0%u _
+At2‘/[ - e (Sk+1+7‘17'2At 6~ (XA(tk)))TldTldTgl{XA(tk)<0}
0,1

=T, +Rj.

It follows from the above equations and the inequality sup, . |%2Tg(t,x)\ <
© upla,s that

_ CAt?
]EIOU:I{-"_*V-R,C } = ]EIOAt2’/ (Sk+1+7’17’2At ﬂ (XA(tk)))TldTldT2’ S 7”1&6”371.

0,12 0t VSk+1
Therefore, we obtain
ou . At?
E20T), = AtE® | — “xa : 4.1
= A [ B s 57 (X5 0)] +0 (2= ) (4.18)
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Step 2: Estimate for the space increment Si: Let us denote the following
increments, with 6 as defined in (3.2)

Agy1B = B(tr+1) — B(tk),
D1 X2 = 0(X2(tr)) Dt B,

~ — Np XA N XA
Npa V2 = %Al{XA(tk)>0}+%1{XA(75;C)<0}7 (4.19)

and events

Ot = {X’A(tk) >0, X2 (ther) > o}, O = {)_(A(tk) > 0, X2 (tgar) < o},
O = { X200 <0, X2 (sn) <0f, 0 = { XA (0) <0, X5 (1) > 0}
Hence, by the definition of the function 3, on QF,

B (X4 (t) = B (2 () + 2852

This and a Taylor expansion yield

Sk19++

Api1 X2 Ou _
%8 (8k+135 (XA(tk)))19++ +

N1 X2)2 03u _
+ 67( (]fr_l )\)3) 93 (Sk+1,5_1(XA(tk)))1Q;+

(Ak+1XA)2 o%u

2(1—7)\)28 B} ($k+laﬁ (XA(tk))>1Qk++

Nppr XA)* 0*u - Npp XA
((litl/\)zl) /0 s 9ul <3k+1, BHXA(t)) + 7'1727'37'4%)7'17'273(17'1 e d’7'41Qk++
= ST 4+ G2 4 g g
Similarly,
Sklﬂ——
Ak-&-lX 8u A (Ak_HXA) 8 A
fax (Sk-&-laﬁ (X (tk))) Q" + 573% (Sk-&-hﬂ (X (tk))>1§2;*

1 (Ap1 X2)3 0% L
+6%8 3(5k+1,5 1(XA(tk>))1Q;*

. (Ak+1)_(A)4/ tu
)\4 0,1]4 6:04

=S, S TS, RS

-1/ vA Ak-‘rlXA
(SkJr]_,/B (X (tk)) + T17'27’37’4f)7’17‘27’3d7’1 . ..dT419;7

Since Q FUQ, ™ = Q— (QfTUQ ) and Qf TUQ T € o {B(t) 1 0 <t <t}

16



by (4.19) we get

F®o (S++1 + S“l)

2o | Dk1 X2 Ou . Np1 X2 Ou =
=K |:1+_1)\a <8k+1,ﬂ (XA(tk))>1QZr++%ax (Sk-‘rlaﬂ (XA(tk))>IQk:|

xr a X
+ E*o Ak+1Y . (3k+1,ﬁ (XA(tk))>1{Q;*uQ;+}

- Exo Ak+1}7A

ou .
pe (8k+1,5 1<XA(tk))>1{Q;T’UQ;+}

(Ak_;’_]XA Ak+1XA ou

= E®o { o Lixaeso T )\1{>?A(tk)<0})ax(s’““’ﬁ_l(XA(tk)))]

[~ — A Ou 1/
— E*° Ak+1YA%(3k+1aB 1(XA(’5k)))1{Q;§—uQ;+}

- _ . bu _
T A — A
— _E%o {AWY o (,skH,g LX (tk))>1m:mk+}] . (4.20)
In the last step we have used that

Apyr X2 Apyr1 X2 VD VD-
ﬁ1{XA(tk>>o}+f1{XA<tk><o}:{ D¥lxaysop + VD Ligaw<oy | Ak B

so by conditioning, we get that its expectation vanishes.

In a similar manner, and using that E[(Ak+1B)2| B(t),0<t< tk] = At,
we obtain

E™ (S 4 5772)

1 Zo Ak 1XA 2 Ak 1XA 2 82u _ S
=3[R e (555 o s )

= 1Ef0{ {(WXA(%))A/«HB 2

(G(XA(tk))\)Ak-&-lB)z

5 T ) Lixasor + 1{XA<tk><0}]

222 (5k+1a5_1(XA(tk))>} - %Emo [(Ak-HYA) g 3 (Sk+1,5 (XA(tk)))l{Q;UQkJr}}
AtEwO {[D+1{XA(tk)>0} + D7 180, <0} % (5k+1a 5_1(XA(tk))>}
3 BT R s 5700 )
St [o(5-103(0) 28 s, 57300
_ %Exo :(Akﬂ}‘/ﬁ) giz (sk+1,5—1(XA(tk)))1{Qk+_U9k+}: :

17



Thus,
B (S772 4 8772) = B Lu( s, 871 (XA (1)) AL
1 592U L
7 (B ) G kot 7 K40 -om |
(4.21)
Since ]E[(AkHB)B{ B(t), 0 <t <tg] =0,

- - 5 0% o
E*e (S;Jrg + Sy, 3) =& |:(Ak+1YA) T(S’Hl’ﬁ 1(XA(tk)))1{Q;qu+}] -
(4.22)

Next, according to Theorem 4,

CAt?
\/tH 0”31

Combining the estimates (4.20) through (4.23) above, we arrive at

E®0

St 4 5"4‘ < (4.23)

B0y = B Lu(si1, 57 (X2 () ) At

o _
+]Em°{ [Sk - Ak+1YAax(5k+1,ﬂI(XA(tk)))} Liat-uas+)

1 20%u 1,5
) (Ak—HYA) D22 (Sk-i-la B 1(XA (tk))) 1{Qk+*u§z;+}
1 33'11, ~1/,vA At2
E(AkHY )? 923 (5k+17ﬁ (X (tk))>1{szk+*uﬂ,;+} +0 < /75k+1>
=: ]Ezof:u(sm 6‘1(XA(tk)))At +E®Ry + O ( At ) . (4.24)
’ VSk+1
We now estimate the remaining term E°Ry.
Step 3: Estimate E*OR:
For any fixed € € (0,1/2), we will show that
CAt! e
www«ﬁ:ﬁwmwﬂw%m<m2}
CAt3~ N e
7”%“3 Po{|XAw) <At} @a25)
/Sk+

Notice that we can rewrite sz as

Q" = {XA(tk) > At X (thy) < 0} U {0 < XP(te) S AT X2 (tgp) < —At%*}

U {0 < XP(te) S AT AL < X2 (tpy) < o},

18



Since X (trr1) = X2 (tx) + 0(X2(ty)) B(At), it follows that
IE”{)_(A(tk) > At XA (Hp) < 0} < P{(l—/\)\/ﬁB(At) > At%—E} < Cexp{—CM*}.
Similarly,

IP{O < XA(t) < A3, XA (tpy) < —At%—f} < Cexp{—CM¢}.

We can proceed analogously on the event Q;’. This leads us to limit to consider
the events

Of = {0 < XP(te) S A7, AL < X2 (typ) < 0},

O = { S AT < XA () <0, 0< X2 () < At%—e}.

Note that, by (4.19), AkHYA < CAt'/27¢ on these sets. Hence, we have

x a Y
[E*o {(AkHYA) 5 2(3k+175 (XA(tk))) 1{Q;—u§2;+}H
CAtl 2e
< 7\/ﬁ
0 A A 83 A
B | (V) 5 (s B XA 00)) Lo )
C'Atz
< 7\/T

Therefore, it suffices to show that

AP SIUSIEFNE S

s B0 {| X5 @) < A},

- ~ — A Ou 1,5
E [Sk - AkHYAa—x(sHhﬁ 1(XA(tk)))] Lear-vas+y
L oA
<=

Step 4: Proof of (4.26)
Note that on the set QZT, X2(t) and X2 (t41) are both closed to 0. In
addition, X2 (t;) > 0 and X (t;41) < 0. Thus, we have

lupll B {| X4 )] < At~} (126)

XA2(ty)
1-X

VA
, B_l(XA(tk-i-l)) — X ()t\k-l-l).

BTHXA () =

19



Since u(t, x) is continuous at 0, we get
~ A Ou =
A — A

0 [Sk AV 'S %<5k+175 1(X (tk‘))>:| 1(2;*

1 _ ou _
= XIEaco |:XA(tk+1)8:17 (sk+1, 0 )1@:—:| 1= )\]Exo |:XA(tk)a (Sk:+17 0+>1§2z_:|

S A Ou
—E® [AkJrlYAax (sk+1a 0+> 1@;]

+E“0{[(5‘1()_(A(tk+1)))2/ 82u(sk+1,7'17'26 YX (tk+1)))71d7'1d7'2

[0,1]2 31'2

- (ﬂl(XA(tk)))2/[ o (Sk+1771725 (XA(tk))>T1dﬁdTg

0,1]2 8(1}2

2

1
_ Ak-ﬁ-lYA,B*l(XA(tk))/o g;;(sk+1,7'1ﬁl(XA(fk)))d7'1] IQI}

On one hand, since [371 (X2 (t4))| and |37 (X2 (tgs1))| < CAtY/27< on -,
the absolute value of the last expectation in the right-hand side can be bounded
from above by

CAt—2¢
V/Sk+1

On the other hand, by (4.19), we can rewrite the sum of the first three terms in
the right hand side as

]Exo{ [Wa“(smﬁ‘) _ X2(ty) Ou (Sk+170+)

o270 { | X4 (1) < Ar3=e}.

A Oz 1—\ Oz
XA(tk+1) —XA(tk) ou +
- T %<Sk+170 ) Lo+-
- 1 0u _ 1 Ou _
=E*° { L\a <5k+170 ) - 1—A8x(5k+1’0+)] XA(thrl)lQ;r} =0

by the interface condition. By the same way, we can proceed for the set Q;Jr.
Then (4.26) follows and we obtain (4.25) as a consequence.
Combining (4.16)-(4.18), (4.24), (4.25) we arrive at
[Atl 2 At 3¢

o< C
b e
+ Clupll11 A2 + Cllub]|s 1 At.

Sl | B[ X2 ()] < Ath e}

Next, to handle the right hand side of the above inequality we use [44,
Theorem 1.2] which estimates the visits to a small ball by the process X*. Using
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the notations in [44] we take £ = 0, b(t) = 0, o(t) = (X2 (ty)) for ty, <t < tpy1,
f(t) =1/v/T —t, and h = At. Since 6(-) is bounded, we can easily check that
Assumption 1.1 and Assumption 1.2 in [44] are both satisfied. It then follows
by [44, Theorem 1.2] that there is a constant My such that for M > My, the
right hand side in the above inequality is bounded above by C|u} |11 At(1=9/2 4
Cllup|li 1 AtH2 + C|lupl|3.1 At. This proves the theorem. O

4.8. Proof of Theorem 6

Let ug be any function in W, and 0 < § < 1 we will first approximate uy by
a function us in W* such that

d 26 for 1 <4< 4.
us(x) =up(0) for =6 <z <4 an ( ) ( ), or 1 <¢<

0)
{“5(33) =ug(x) for |z| > 24, “6 (25) (25)
uf;”(—cw = ug><a> — 0

For 6 < x < 2§ denote

) -9
) +(5u(()1)(25)p1(x 5 )

+ 6%u (28)p2 (X 55)+53 (28)ps( %) 4 gt (28)pa ( =)

us () =uo(0) + (10(28) — u(0)) po (—

and for —26 < z < —4§ denote

T+0

us(x) =u0(0) + (o(~28) — uo(0))po (— Z2) — ) (~28)p1 (-

)
)

)

+ 0%ul? (—26)pa (- ) + 6*ul (—26)pa( -

) - 53u63)(—25)p ( x ?; 0

where p;(z), 0 < j < 4, are polynomials on [0, 1] satisfying the following inter-
polation problem

pgi)(O) =0, Pg)( ) = 0ij for 0 < i,j < 4,

where 0;; is the Kronecker symbol. We can choose

>(70x* — 3152° + 5402% — 420z + 126),
°(1 — 2)(352% — 1202% + 140z — 56),

po(x)
pi(x) =

1
pe(x) = 5305(1 —2)?(152% — 35z + 21),

xT
T

ps(x) = émf’(l —2)3(5z — 6),

pal) = "1 = o),

which satisfy

(%)

<o Wi=1,....4
([-26,~4))

G -+06 ‘
Ll([5726])+Hpj ( 5 ) L
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and imply

26
o — sl = / o) — 10(0) + 110(0) — s (y)|dy < C62,
—26

Similarly, there is a constant only depends on ug such that
[ul —ulP|y < €627 Vi=1,... 4. (4.27)

Next, we will use the approximation us of ug to estimate the error ef.. We
have
€p = |]Ezu0 (Y(O‘ (T)) E%ug (?A ))|
< |E"uo (YUT)) — E%us (YD) | + [E"us (Y OUT)) — B us (Y2(T))]
+ |E%us (YA(T)) — E%uo (YA(T))]
< I(6) + Ix(6) + I3(9). (4.28)

It follows from (2.17) that

L) < /OO ho(y) — us(y)|g) (T, @ y)dy<05/ (T2, y)dy < C5°.

B (4.29)
By virtue of Theorem 5 and (4.27), there are constants C' depending only on u
such that

I5(8) < O|uf|li 1 A2~ +Cuf||10 ALY 2+ ||uf |31 A7 < CALY2=e4Co 2 AL,
(4.30)
To proceed, we need to estimate I3(d). Let x be a function in C*°(R) such
that
x(z)>1 V|z| <1, and x@P(0)=0, Vi=1,...,4.
Denote xs5(x) = x(55) then xs > 1[_25,25], supp(xs) = [—49,46], and it is clear
that x, xs € W?. In addition

C C
sl < 5 and - IxGllar < 5
Thus, Theorem 5 and (2.17) yield

P (|VA(T)| < 26) < E®xs(VA(T))
< |E"xs(Y2(T)) — E"xs (Y (T))| + E*xs (Y N(T))

46
1—e S a
< CAE 7 |[X |l + CA = |IX/ (|51 +/ S Xs(1)a' Y (t, 2, y)dy
—4

Al_é Al—e
<cR oAt

TRV,
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and

_ 1—e At176 C
< < (1Y A < < = - 4+ — 2, )
I5(8) < COP™ (|Y2(T)| < 20) < CAET + 0= + =l (43)

By choosing the optimal value of the type AtY of § (with v = 1/4), and com-
bining (4.28)-(4.31), we obtain (3.8). O

5. Numerical Examples

Consider the initial profile on the interval [—5, 5] given by

—z2)5 if |z
uo<x>:{“ ) atlel <1, (5.1)

0 else.

In this section, simulations are provided of the solution to (2.1) with (5.1) for
two values of D € {10,100} while holding D~ = 1. We consider scenarios with
A = {A*,\#}. The expected value solution formula from [14], and the SDE-
Euler-Maruyama method discussed in Section 3, all computed at t = 0.2, are
shown in Figure 1. For a comparison with deterministic numerical methods, we
also plot the solution obtained with an immersed interface finite element method
(IFEM) (see [45]) for the diffusion problem (2.7). In each of the above cases,
the error is computed between the numerical approximation and the expected
value solution formula on the interval [—5, 5].

For each choice of A and DT above, the error is computed between the
stochastic numerical approximation and the expected value solution formula
at specific points in space: {—1.5,0,2.5}. To reduce the computational time,
the largest stable time step was used, however the computations each involved
over ten million sample paths. The absolute value of the error is plotted versus
dt := h, on alog-log plot in Figure 2 demonstrating between zero and half order
accuracy in each case (note guide lines in each plot), as predicted by Theorem
6.

6. Conclusions

Diffusion problems involving discontinuities in the diffusion coefficient and
interface conditions arise naturally as physical/biological models and are known
to lead to interesting and often unexpected phenomena [3, 4, 5, 6, 7, 8]. As
demonstrated in the present paper, the theoretical and/or numerical and com-
putational analysis is well-aided by combining equivalent PDE and SDE versions
of the phenomena. In this regard, we have constructed a stochastic Euler-
Maruyama numerical method for the SDE formulation of a discontinuous dif-
fusion problem. Our model involves a one parameter family of interface condi-
tions coupled to a diffusion equation with discontinuous diffusion coefficient in
one spatial dimension. A key idea involves a reformulation of the determinis-
tic PDE and the stochastic SDE formulation of the diffusion problem using a
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o=V D™/ (VD* +/ D) a*=V D™/ (VD* +/ D)

o Initial o Initial

1t Exact L 1t Exact
== IFEM == IFEM
¥R 4 SDE Euler 4 SDE Euler
0.81 g 8 (P=100000) 0.81 (P=100000) ||
0.6/ g 3 ] 0.6/ ]
> D=1 g . 3 D*=10 > D=1 D*=100
‘2 1 0.4f 1
0.2} L
0 N
-0.2 . . . _0.2 . . .
02 -2 0 2 4 02 -2 0 2 4
X X
o=/ D*/ (VD" +v D) o'=VD*/ (VD" +V D)
1.2 : : 1.2 ‘ .
o |nitial o |nitial
1 — Exact L 1t Exact
‘=s= IFEM ‘=s= IFEM
H 8 SDE Euler g 8 4 SDE Euler
0.81 g 3 (P=100000) 0.8¢ g (P=100000) ||
0.6 g ] 061 g 3 |
3 D=1 g 3 D*=10 > D=1 g 2 D*=100

0.4f g 8 1 0.4f

Figure 1: Initial and computed solution of (5.1) at ¢t = 0.2 using IFEM method, the SDE-Euler
method and the expected value solution formula from [14], for various combinations of Dt
and A values.

change of variables, which then allows the numerical discretization methods to
be developed in a natural way. We have proved the convergence and obtained
the convergence rate for the Euler-Maruyama numerical method under mild
assumptions. Finally, the rates of convergence of our Euler method were veri-
fied by numerical examples and compared to other approaches available in the
literature for the discretization of discontinuous diffusion problems. Our formu-
lation of an equivalent SDE model and its numerical discretization is applicable
to a wide variety of interface conditions used in disparate applications span-
ning ecology, hydrology, astrophysics, finance and physical oceanography. Our
work in this paper adds significantly to the existing literature of SDEs and their
numerical discretization for diffusion problems with discontinuous coefficients
across interfaces.
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o=y D"/ (V D* +V/ D7), Dm=1, Dp=10 o=y D™/ (¥ D* +V D7), Dm=1, Dp=100

10 10
107}
s
5
107
- —e-y=—1.5-e-y=0 --y=25 o —o-y=—1.5—e-y-0 --y=25
10° 107°
dt dt
o=V D*/ (¥ D* + D), Dm=1, Dp=10 o'=V D"/ (V D* +V D7), Dm=1, Dp=100
107" 10" ‘
——= " S :.#
1072} 107 -
s s
5 H -
107} 10°F LT
ot —o—y=—1 5—0—y=0 —e—y=25 1o —e-y=—1.5—e-y=0 --y=25
107 107
dt dt

Figure 2: Error for the SDE-BE method demonstrating half order convergence (the green and
red lines indicate the zeroth and half order reference lines, respectively).
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Appendix A. Smooth First-Passage Densities for One Dimensional
Diffusions

In this section we provide some properties of the first passage time densities
of one dimensional uniformly elliptic diffusion processes which imply the esti-
mates for the density g (s) of the first passage time before time T at point 0 of
the process Y (@), The following Lemma is a combination of Theorem A.1 and
Lemma A.5 in [30].

Lemma 10. Let v and p be real valued functions such that v € Cf2(R) and

e C{fH(R) for some mon-negative integer k. Suppose that there is a positive
constant A such that v(x) > X for all © and Z(t) satisfies

26) = Zo+ [ wz(o)is+ [ (208G,

a, Denote 70(Z) = inf{s > 0: Z; = 0}. If T > 0 and = # 0 then under P*,
the first passage time of Z(t) at point O before time T, 70(Z) AT, has a smooth
density rg(s) which is of class C*((0,T] x (—o00,0)).

b, In addition, if k > 2 then for all 0 < « < 1 there exists a constant C' such
that

b C
/—aré(t—s)dsgt—a forall 0<t<T and x # 0.
OS

We also have the following estimate from [30] (See Lemma A.6).

Lemma 11. There exists a positive constant C such that for 0 < o < 1 and
any function H bounded on [0,T], continuously differentiable on (0,T] satisfying

H()=0, [H'(s)< (j—f Vs € (0,7
we have
o [t - 92 ot ~ .
oz o(t— S =3 E(t— < L
\8:6/0 rg (¢ s)H(s)ds]_ch, ‘8952/0 rg (¢ s)H(s)ds]_ch(Hta),

for allt € (0,T] and x # 0.
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